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Theorem 6-6 . If the kith constraint of the primal is an equality, then the dual variable wy is unrestricted

in ngﬂ

[Meerut 80]

.(6.22)

Proof. As pointed out carlier, if the kth constraint is an equality, then we can write the primal in the form:

X+ X+ ... +c,x, =z (max.))

apx; +apxy .. FaX, < b[

ay Xy +anx+... +ayx, S b
: : : : i

ap X + ap2xXa + ... +agXx, < bk

= A X) = Xy = ...~ AgX, S—by

Ay Xy + QppXa + ot Ay X, S bmv 4

so that its dual is given by
bl"vl + bzﬂ)z +

a”H’l +(12|1V2+..
aawg +(122H’3+ e

ay,w l + aa,Wa + .

.+ bk (‘Wk' - H’k”) + ..
.+ aki (H'k’ - Hr'k”) + .
+ a;a (Wkl - W;_-") + ...

.+a‘,, (w —w )+ ..

ot a,w, 2 ¢
2

.+ b, w,, =z, (min))

+ apaWiy

+ all!ll“ n ->" Cli .

.(623)

If we replace (w;” — wy”’) by a new variable wy , then we observe that the system (6- 23) becomes cquivalent
lo (6:2) except that wy is unrestricted in sign.
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Theorem 6-7. If the pth variable of the primal is unrestricted in sign, the pth constraint of the duat s an
quality. -
Proof. Let the given primal be of the form :
Max. L= 0 +T Oyt F C;...I'I, + ...t Cpllin

subject o @y Xy +apxa+ . T dph T T AN,

AnXy +ankyt ..ot dpt R R 7 § 6 o

A X} + QuaXa + oo F upXp ¥ oo F At < by,
' ve s Xpaha e s Xy 2 0, butx, is unrestricted in sign. N .
Since the variable x, (unrestricted in sign) can always be expressed as the difference of two non-negative
nables, say X, and x, ", therefore x, can be replaced by (x," = x,") inthe above primal problem.
Thus, we have the new primal of the form:
Max. 2,= €)X+ CaXa+ .o +Cp (Xp —

Where.x; |, x,

XY+ Gk subject to

apx) +dpxg+ a8 —x,)") F o F Ay < by

“h [(PBS! + Ap2X2 + ...+ a,n’,-, (x{,’ = IP”) + ...+ amu‘x’g S blﬂ )

Nerp 1 = R ’

h.LrL XpaXas Xy x5, o x, 20

' i dual is gi\'cn b}/, Min. 2w = b‘“.] * bgh': +...t bm“"m , SubjﬁCl 10
Anwyt+daywa+ ...+ 0, \Wn e &

Wy +daawa + Lo+ dy oW 2 ¢

[ A vy + Ay + .+ QypWom > Cp
2

1 —dy,W, — i .
Pt T Wy — L — QynpWm =Cp

-

Cy

v

(‘l)]‘l“ + (12”“12 + e+ (f"“l“,"u
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"
§53 complementary Slackness Theorem

In this section, we shall make a further effort 1o relate the primal and dusl formulations of lincar
qogramming problem. The tollowing theorem (ealled the complementary slackness theorem) shows the
iimate relation between primal and the dual, '

Theorem 611, (Complementary Slackness Theorem) For the optimal feasible solutions of the primal

and dual systems, ‘ ‘
(i) ¥f the inequality occurs in the ith velation of either system (the corresponding slack or surplus

variable x,, o jis + ive), then the ith variable wiof ity dual (s zero, Le, w0

(ii) if the jrh variable x; is -+ ive in either system, the jih dual eonstraint holds ay a strict equality (Le. the
corresponding slack or surplus variable w,,  ls zero),

Proof. Since the primal objective function inexplicit form can be written as

€14 € ok €%y = 2y (Max,) A6:24)
and the dual objective function can be written as
bywy o+ bawy 4 ook bywy, = 2, (min,) ..(06:25)
Also, the primal constraint-inequalities can be wirtten as equations after introducing the non-negative
Slack variables Xy, 4 1 v Xy 42 s oo s Ny A8 TO1OWS
AppXy b Ny Ny wh -
: : ' ; J ~A6:26)
(20 VI AR LAY Xy am® by o

Similarly, the dual-inequalities can be writien as equations after introducing the non-negative surplus
Yaniables w, Wiy + o 48 TOlOWS :

apwy ... T W™ Wi | =) ]

m+ s Wi 2 ven s

: : W {6:27)

apwy ot W = Wy 45 ¥ Cy
t Now, multiplying the equations in (6:26) by Wiy W2y vy Wiy , respectively, and adding the resultant set, we

m |
" "-' . . ¥ Vo s = x o ¥ o 1
, (tliz:] QGawi+xy X oapawyt+ oty 'Ll AWy Xy g Wyt K2 Wat e b Xy g Wy = ’,}’ wib; ..(6:28)
i Fe | . ] S
- Next, we b
§ XL we subtract (6-28) from (6-24) and obtain
(Cl — KL m '"

b . o * - WiX - - i
is) iy )Xy + ( = X apwy Yxpt .t (¢~ iu};l i Wi) K = Wiy g | = WaRp e 2= s = WXy 4

f=
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m .(629
i=

But, from (6-25), we have

(630)
v = 'El wib; )
| =

and from (6-27), we have

— -— o : j = 1 ] 2 ’

Wy j=Cj— (alj w) +a3jvv2+ +a,,,jwm) or =Wy 4+j=¢j izl aij Wi, J
Now, using the results (6-30) and (6-31), eqn. (6-:29) becomes’ Y=z -2 (632]
= (W1 X+ Wy Xt Wy X)) = (WX T WX g2t e  Warkn +m) = Zx e
If X'=(x},x5,...,x)and W = (w} , w5, ..., w,,) be the optimum solutions to the primal and dual
problems respectively, then

i o n (631) §

2=z - (6:33)

as claimed by the Duality Theorem. _
Thus, for these optimum solutions and corresponding slack surplus variables

Xpei 20@=1,2,...,m)and w:,,+j 20(¢=1,2,...,n),
the equation (6-32) becomes

N (W':'*‘ X%+ W:" +?-x; +...+ W:n +n r::) - (WTx; 1ttt w:,,x: +m) =0 [from (6-:33)] (634)
Since all the variables in (6-34) are restricted to be non-negative, all the product terms of (6-34) are also -

non-negative, and for the validity of (6-34), each term must individually be equal to zero.
Thus, w:,”x;z() ,and wix,,;=0,foralli andj .

(a) Now, if w;,;;>0, we must have x;=0
the theorem.

3N

]
P

if xi.i > 0, then wix =0, which proves the first partof.

v Hem

5

T

* . “
(b) If x; >0, then w,, , =0, i.e., the jth constraint of
Xy+i=0,ie.,the ith primal constraint is strict equalit
Hence the theorem is now completely established

Alrnsssmdlaen Ciéd 4 a

il

dual problem is strict equality ; if w; > 0, therl:‘j':i
¥, Which proves the second part of the theorem.
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